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ABSTRACT: We present a complete study of AS = 2 and AB = 2 processes in a warped
extra dimensional model with a custodial protection of Zbrby, including ex, AMg, AM,,
AMg, AL, ATy, Acp(Bq — ¢Kg) and Acp(Bs — t¢). These processes are affected
by tree level contributions from Kaluza-Klein gluons, the heavy KK photon, new heavy
electroweak gauge bosons Zg and Z’, and in principle by tree level Z contributions. We
confirm recent findings that the fully anarchic approach where all the hierarchies in quark
masses and weak mixing angles are geometrically explained seems implausible and we
confirm that the KK mass scale Mgk generically has to be at least ~ 20TeV to satisfy
the ex constraint. We point out, however, that there exist regions in parameter space
with only modest fine-tuning in the 5D Yukawa couplings which satisfy all existing AF =
2 and electroweak precision constraints for scales Mgk ~ 3TeV in reach of the LHC.
Simultaneously we find that Acp(Bs — 1¢) and Ag; can be much larger than in the
SM as indicated by recent results from CDF and DO data. We point out that for By ,
physics AF = 2 observables the complex (Zp, Z') can compete with KK gluons, while the
tree level Z and KK photon contributions are very small. In particular we point out that
the Z diLJjL couplings are protected by the custodial symmetry. As a by-product we show
the relation of the RS flavour model to the Froggatt-Nielsen mechanism and we provide
analytic formulae for the effective flavour mixing matrices in terms of the fundamental 5D
parameters.
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1 Introduction

The Standard Model of particle physics is in spectacular agreement with everything we
know about interactions of elementary particles. Yet it requires large hierarchies to be
put in by hand. There is no explanation for the hierarchy between the electroweak (EW)
scale and the Planck scale and for the observed hierarchical pattern of fermion masses
and mixings.

Among the most ambitious proposals to explain these hierarchies are models with a
warped extra spatial dimension first proposed by Randall and Sundrum (RS) [1] where
the SM fields, except the Higgs boson, are allowed to propagate in the bulk [2-4]. These
models provide a geometrical explanation of the hierarchy between the Planck scale and
the EW scale and one can naturally generate the hierarchies in the fermion mass spectrum
and mixing angles [2, 4] while simultaneously suppressing flavour changing neutral current
(FCNC) interactions [5, 6]. Recently realistic models of EW symmetry breaking (EWSB)
have been constructed [7—12] and one can even achieve gauge coupling unification [13, 14].

In this work we discuss the flavour structure of models based on the bulk gauge group

Gpux = SU(3). x SU(2), x SU2)g x U(1)x x PrR. (1.1)

The SM fermions are embedded in representations of Gy, so that there is a protection
of the T' parameter [7, 8] and the coupling Zbpby, [15]. This allows for KK masses of order
Mxk ~ (2 — 3) TeV which are in the reach of the LHC [10, 11, 16-18].

The goal of the present paper is to analyse the well measured FCNC processes related to
particle-antiparticle mixings K° — K9 and Bg, — Bg, < The off-diagonal mixing amplitudes
Mi, (i = K,d, s) receive dangerous tree level contributions from Kaluza-Klein (KK) gluon
and EW gauge boson exchanges [6, 19]. We would like to know whether this model can
be made consistent with simultaneous constraints from ex, AMg, AMy, AM; and the
mixing induced CP-asymmetry Syxg for KK scales as low as Mgk ~ (2 — 3) TeV.

A recent study [20], which applied model-independent results of the UTfit group [21]
to RS-type models, concluded that the measured value of ex implies that the lightest KK
gluon mode has to be generically heavier than ~ 21 TeV, if the hierarchy of fermion masses
and weak mixings is solely due to geometry and the 5D Yukawa couplings are anarchic
and of O(1). KK particles that heavy undermine the basic motivation for RS models. We
would like to investigate if the KK scale could be lowered to be in reach of the LHC by
allowing for a modest hierarchy and some tuning in the fundamental 5D Yukawa couplings.



The dominant flavour constraint comes from the CP-violating contribution to chirality
flip operators Qp r which are very strongly suppressed in the SM, but present in RS models.
The lower bound on the KK gluon mass obtained in [20] originates from the excessive
contribution of Qrr to ex. One of our strategies will be to find regions of parameter space
consistent with EW precision observables [10, 11, 16-18] for which Qrp is sufficiently
suppressed even if the 5D Yukawa couplings are mostly anarchic.

Several alternative models have been proposed to deal with the flavour problem of RS.
All depart from the fully anarchic set-up by incorporating some sort of flavour symmetry.
One approach is to protect the model from all tree level FCNCs by incorporating a full
5D GIM mechanism [22]. The bulk respects a U(3)% flavour symmetry and all flavour
mixing is generated by kinetic terms on the UV brane. Although this model is safe, since
its effective theory is minimal flavour violating (MFV) [23-27], it leaves the origin of the
large hierarchies in the flavour sector unanswered. More recent proposals therefore seek
to suppress dangerous FCNCs and simultaneously try to explain the hierarchical structure
of the flavour sector. One of them is the so called ”5D MFV” model [28]. Here one pos-
tulates that the only sources of flavour breaking are two anarchic Yukawa spurions. The
low-energy limit is not MFV, and the additional assumption, that brane and bulk terms in
the down sector are effectively aligned, is needed to suppress dangerous FCNCs. Recently,
an economical model has been proposed [29] in which one assumes a U(3) flavour symmetry
for the 5D fields containing the right handed down quarks. This global symmetry forces
the couplings of the right handed down quarks to the vector KK modes to be degenerate.
Dangerous contributions to Qyr are only generated by suppressed mass insertions on the
IR brane where the symmetry is necessarily broken (see [30] for a discussion of possibly
problematic fermionic brane kinetic terms). Another recent approach [30] presents a simple
model where the key ingredient are two horizontal U(1) symmetries. The SM fields are em-
bedded into the 5D fields motivated by protecting Zbzby,. The horizontal U(1) symmetries
force an alignment of bulk masses and down Yukawas which strongly suppresses FCNCs
in the down sector. FCNCs in the up sector, however, can be close to experimental limits.
In the present paper, however, we will study the original version of the model.

As there have been other analyses of particle-antiparticle mixing in the RS model in
the past [6, 19, 31-34], most recently in [20], it is mandatory for us to state what is new
in our paper:

e First of all we perform a simultaneous analysis of the most interesting AF = 2
observables in the K and By, meson systems in conjunction with ex. In [20] only
one Wilson coefficient at a time has been considered. This will give us a global picture
of correlations between various observables. Such an analysis has not been performed
in the literature so far.

e Similarly we perform the full renormalisation group analysis at the NLO level, in-
cluding not only the two Qppr operators in our analysis, but also Q7 and Qgrg.
We would like to emphasise that this is essential since the operator Qpr, although
subleading in £, turns out to be as important as Qpr in By physics observables.
On the other hand Qgp is subdominant in all processes considered in this paper.



e In addition to tree level KK gluon exchanges considered in [20] we present for the first
time the formulae for the EW tree level contributions of Z, Z’, Zy and the KK photon
AW to the AF = 2 Wilson coefficients of the operators involved. Quite unexpectedly
we find that the Z’ and Zp contributions, while subleading with respect to KK gluon
contributions in the case of e and AMg, can compete with the latter in the case of
B, 4 physics observables. The contributions of the KK photon turn out to be small.

e We point out and demonstrate explicitly that in the model in question tree level
flavour violating Z couplings to left-handed down-type quarks are strongly suppressed
by the Ppr symmetry up to small symmetry breaking effects due to the UV boundary
conditions. This suppression mechanism works not only for the KK gauge boson
contribution, but also for the KK fermion contribution to the Z coupling, as the
fermion representations are symmetric under Prg.

e We show that it is possible to simultaneously fit the SM quark masses and CKM pa-
rameters within their experimental 20 ranges and obtain agreement with all available
constraints on AF = 2 observables.

e We present a new useful parameterisation of the 5D Yukawa coupling matrices, taking
into account only physical parameters.

e As a by-product we analyse the connection of RS models to the Froggatt-Nielsen
mechanism [35] and provide analytic formulae for the effective flavour mixing matrices
in terms of the fundamental 5D parameters.

Our paper is organised as follows. In section 2 we summarise briefly the main ingredi-
ents of the model in question. Readers familiar with RS models may skip this section and
start directly with section 3, where we analyse the connection of flavour in RS models with
the Froggatt-Nielsen mechanism and derive explicit formulae for the effective flavour mix-
ing matrices Uy, g and Dy, g in terms of the fundamental 5D parameters. Then in section 4
we derive the effective Hamiltonians for K — K9 B} — BY and BY — BY mixings originat-
ing from tree-level KK gluon exchange and we calculate most interesting observables such
as the CP-violating parameter cx, the mass differences AMy, AMy and AM;, the CP-
asymmetries Ad; (¢ =d,s), Acp(Bq — ¢¥Kg) and Acp(Bs — 1¢) and the width difference
AT'y. We also give formulae for EW tree level contributions and estimate their size. In-
terestingly in the case of By, physics observables some of these contributions can compete
with the KK gluon contributions. We also demonstrate that tree level flavour violating Z
couplings to left-handed down-type quarks are strongly suppressed in the model in ques-
tion, due to the custodial protection mechanism. This finding has important implications
not only for AF' = 2 processes, but also for AF = 1 rare decays. In section 5 we outline our
strategy for the numerical analysis, presenting in particular a useful parameterisation for
the 5D Yukawa couplings. In section 6 a detailed numerical analysis of particle-antiparticle
mixing observables is presented. We summarise our results in section 7.



2 The model

2.1 Geometric setup

The class of models we are considering is based on the Randall-Sundrum (RS) geometric
background, i.e. we consider a 5D spacetime, where the extra dimension is compactified
to the interval 0 < y < L, with a warped metric given by [1]

ds® = e_%yn,wdx“dx” —dy?. (2.1)

Here the curvature scale k is assumed to be k ~ O(Mp;). Due to the exponential warp

factor e *¥, the effective energy scales depend on the position y along the extra dimension.

kL _ 1016

In order to obtain a solution to the gauge hierarchy problem, we set e and treat

f=ke ™~ O(TeV) (2.2)
as the only free parameter coming from space-time geometry.

2.2 KK gluons

The main actors in AF = 2 processes in RS are at first sight KK gluons originating from
the bulk SU(3). symmetry, and in particular the first KK excitation. Therefore let us
restrict ourselves to this mode, to be simply called KK gluon, in what follows. The profile
of the KK gluon along the extra dimension is given by [2]

kv Mxk Myxk kv Mxk
=— |J M) by, )~ —J ky 2.3
o) = 57 | (Fgte) o (80 ) | = T (o) )

where Ji(z) and Y7 (z) are the Bessel functions of first and second kind, b ~ 0 is determined

by the boundary conditions at y = 0, L and N is a normalisation constant. The KK mass
Mxkxk can be numerically determined to be [36]

with f being defined in (2.2). We would like to caution the reader that a different notation
has been used in [37]: Their Mgk corresponds to our f, so that in spite of comparable
Mxkyxk the masses of the first KK gauge bosons in that paper are larger than in our analysis.

It is crucial to note that the KK gluon bulk profile is not flat along the extra dimension,
but due to the factor e*¥ strongly localised towards the IR brane. This localisation will
give rise to flavour non-universal couplings of the KK gluon and eventually to tree level
FCNC transitions, as we will discuss later on.

2.3 Electroweak gauge sector

The other actors in our analysis are the neutral EW gauge bosons Z, Zy, Z’ and the KK
photon AM) [38], originating from the enlarged gauge group

SU(Q)L X SU(2)R X U(l)X X PLR . (2.5)

We give here for the first time their contributions to AF = 2 processes using the couplings
worked out in [38]. While subleading in the case of e and AM they turn out to play an
important role in the case of By, physics observables.



2.4 Bulk fermionic zero modes

Bulk fermions in RS models offer a natural explanation of the observed hierarchies in
fermion masses and mixings [2, 4, 5] and provide at the same time a powerful suppression
mechanism for FCNC interactions, the so-called RS-GIM mechanism [6].

The bulk profile of a fermionic zero mode depends strongly on its bulk mass parame-

ter cy. In case of a left-handed zero mode \IJ(LO) it is given by [2, 4]

0 1-— 20\11 kL —c
2y, co) = Wﬁ why (2.6)

)

towards the UV brane and exponentially suppressed on the IR brane, while for cg < 1/2
it is localised towards the IR brane. The bulk profile for a right-handed zero mode \I/Sg)
can be obtained from

with respect to the warped metric. Therefore, for ¢y > 1/2 the fermion \I’%) is localised

O, co) = 1Oy, —ca), (2.7)

so that its localisation depends on whether ¢y < —1/2 or ¢y > —1/2. Note that the left-
and right-handed zero modes present in the spectrum necessarily belong to different 5D
multiplets, so that generally cy, # cyy,.

In order to reproduce the SM quark content in the low energy limit, three left-handed
zero mode SU(2);, doublets Q% with bulk mass parameters ciQ and three right-handed
zero mode up- and down-type SU(2), singlets ug% and dg% with bulk mass parameters C‘ZL &
respectively, are required. As the KK fermions do not enter directly tree level AF = 2
processes, we do not specify the fermion representations here. They are discussed in detail
n [38]. We stress however that in order to preserve the custodial Z diLJ]L protection, Prr
symmetric fermion representations are required.

The coupling of a zero mode fermion \I’(LO)]L2 to the KK gluon Gf})a in the flavour
eigenbasis is given by

50 A(ag©® S A ) 2
@L7RG£)GQL7R : _Z'YutaL;/Q/O dy e™? [fL7R(y7C\I/)] 9(y) (2.8)

with ¢ being the 5D SU(3), gauge coupling constant and ¢ the SU(3), generators. The
4D QCD coupling constant ¢2P is then given by

4D 1 gg)D

9s  puv VI

where in the absence of brane kinetic terms pyy = 1.

(2.9)

Note that flavour universality is strongly violated due to the dependence of the overlap
integral on the bulk mass parameter cy.

2.5 Brane kinetic terms

One should keep in mind that localised brane kinetic terms for the gluon can change the
relation between the bulk gauge coupling g2° and the 4D QCD gauge coupling. The match-
ing relation at a given scale contains both a bulk term and contributions from IR and UV



brane kinetic terms. The UV brane terms consist of a possible (positive) bare kinetic term
and an always present negative term [13, 39-45], which is due to the asymptotically free
QCD running from the Planck scale to the TeV scale, see [20] for an extended discussion.
The running of the IR brane kinetic term is negligible and we will therefore focus on the UV
brane localised kinetic terms. One possibility is that there are no bare UV brane kinetic
terms at the Planck scale and that the negative contribution from the running reduces the
bulk gauge coupling to ¢?°vk =~ 3, corresponding to pyyv ~ 1/2. Another possibility is
that large brane kinetic terms at the Planck scale are present which would render the bulk
strongly coupled, gg’D\/E ~ 4m. Usually one assumes an intermediate scenario where the
bare kinetic terms are of exactly the same size as the one induced by the one-loop running.
This cancellation is assumed in the trivial matching relation (2.9) for pyy = 1 and results
in gg’D\/E ~ 6 for the QCD bulk gauge coupling. In our analysis we have set pyy = 1
which in [20] resulted in Mxk > 21TeV in order to be consistent with the experimental
value of e

Similarly, also in the electroweak sector, brane kinetic terms can be present and thus
alter the simple tree level matching condition ¢4P = ¢°P/ VL. Here the situation is ad-
ditionally complicated by the fact that on the UV brane the gauge group is broken to
SU(2)r, x U(1)y. Therefore different UV brane kinetic terms can be present for SU(2),
and U(1)y, so that in general pUV Ly U(l # 1 and also different from pyvy in the strong
sector. Consequently the relative size of strong and electroweak contributions to AF = 2
processes depends on the size of possible brane kinetic terms. In order to allow for an easy
comparison of the KK electroweak gauge boson effects with the KK gluon effects, we will,

as in the former case, assume also here the intermediate scenario pSL\]/( L pgs Y 21 In
order to keep the analytic expressions in section 4.3 simple, we omit pSU(Q) , pgg}) in the

formulae. A generalisation to include these terms is straightforward.

2.6 Higgs field and Yukawa couplings

The present analysis does not require the specification of the exact EWSB mechanism.
Instead we will simply assume the presence of a Higgs doublet H(z*) residing on the IR
brane. Once its neutral component develops a VEV v ~ 246 GeV, EWSB is achieved.

The effective 4D Yukawa couplings, relevant for the SM fermion masses and mixings,
are then given by

u,d u,d € et (0) j udek Q ud
Y=\ fL (y=L,cg)fp (y=1L,c,g) =X Rl (2.10)

where A\%? are the fundamental 5D Yukawa coupling matrices. In order to preserve pertur-
bativity of the model, we require, as usual, ])\;Lj’d\ < 3. Here and in the following, we work
in the special basis in which the bulk mass matrices are taken to be real and diagonal.
Such a basis can always be reached by appropriate unitary transformations in the Q;, u;
and d; sectors.

Due to the exponential dependence of Y*¢ on the bulk mass parameters €Q.u,d> the
strong hierarchies of quark masses and mixings can be traced back to O(1) bulk masses and
anarchic 5D Yukawa couplings A%¢. We will elaborate more on this issue in the next section.



The transformation from the quark flavour eigenbasis uy, g, d 1,r to the mass eigenbasis
ur, g, dr, g will then, as in the SM, be performed by means of four unitary mixing matrices
Ur.r,Dr R, where

ur, :Z/[EQNLL, UR :L{Eﬁg, (2.11)
dp=Dldy,,  dg=Dhdg, (2.12)

and the CKM matrix is given by
Vexkm = U}LIDL . (2.13)

As argued in [6, 37], the mixing of fermion zero modes with their heavy KK resonances
induces flavour violating couplings of the Higgs boson!, eventually leading to additional
tree level contributions to AF = 2 processes. However it can straightforwardly be seen
(see appendix C for details) that these contributions are strongly suppressed in the model
in question. Therefore we will not consider them any further.

2.7 Impact of higher KK fermion modes

Even at tree level higher KK fermion modes affect flavour observables through mixing
with SM fermions. Depending on the particular structure of the Yukawa interactions, like-
charged fermions of any KK level mix with each other. The relevant three-by-three subsets
of the infinite dimensional full rotation matrices necessarily deviate from unitarity. Besides
that, the small admixture of higher KK fermion modes to SM fermions modifies their gauge
couplings since SM fermions and KK fermion modes couple in general differently to the
various gauge boson modes. This is true not only for the heavy KK gauge bosons, but in
particular also for the Z boson, as fermions with different weak isospin mix with each other.

As the KK fermion mixing appears as a consequence of EWSB, the corrections to the
zero mode gauge couplings can be estimated to be of order O(v?/MZy). While this is
a sub-leading and therefore small effect in the case of KK gauge boson couplings, whose
flavour violating couplings are O(1), the situation is a priori different in the case of flavour
violating Z couplings that appear first at the O(v?/MZy) level>. However we have checked
numerically by including the first fermionic KK excitations that the KK fermion contribu-
tion to the Z coupling is generally suppressed with respect to the (Z @), Zg(l)) contribution.
Therefore their impact is subleading not only in the case of AF = 2 observables, where
the Z contributions are of higher order anyway, but also in the case of AF = 1 rare decays
studied in [46]. In this context we underline that the custodial protection mechanism for
the Z diLJi coupling discussed in section 4.4 is effective not only for the (Z @, Zﬁ(l)) contri-
butions, but also for the KK fermion contributions, as the fermions in the model considered
are embedded in Ppr-symmetric representations.

The explicit analytic formulae for including these effects to arbitrary order in KK
excitations clearly are beyond the scope of this paper and will be presented elsewhere. In
the course of the present analysis we checked numerically that the effects of the first KK

"We would like to thank Uli Haisch for bringing this issue to our attention.
2We would like to thank Csaba Csaki for bringing this issue to our attention.



excitations on AF = 2 observables amount to at most 10% for a wide majority of generated
data points. For completeness sake we mention that for a very small subset of data points,
that display a large fine-tuning in some observable, the effect on that particular observable
can be O(1). This is clearly due to the accidental suppression of the leading contribution
which makes the sub-leading corrections relatively larger. Since the aim of the present
work is to look for areas in parameter space with acceptable fine-tuning only, ignoring
these points is justifiable in the framework of our analysis.

Having at hand these results, we like to underline that the inclusion of the first fermion
KK modes neither does modify the overall picture of AF = 2 observables in the model un-
der consideration, nor does it affect the results stated in the following sections. In the light
of other theoretical uncertainties, e.g. from the exchange of higher KK gauge excitations,
that is also at the 10% level, or the uncertainties stemming from brane kinetic terms, we
believe that our treatment of KK fermion modes is fully sufficient for the time being.

3 Geometric origin of masses and mixing angles

3.1 Analogy between RS and Froggatt-Nielsen scenarios

The aim to explain the observed hierarchies in the fermion masses and their flavour mixing
matrices by making use of approximate flavour symmetries traces back to the late 1970s, to
the well-known work of Froggatt and Nielsen [35]. In that pioneering paper a global U(1)g
flavour symmetry has been introduced, under which the various quark fields carry different
charges while the SM Higgs H is neutral under U(1)r. In order to allow for non-vanishing
flavour mixing, the flavour symmetry is spontaneously broken by the VEV of a scalar ®,
the so-called flavon field, that transforms as gauge singlet, but is (singly) charged under
U(1)p. In order to obtain small flavour violating effects consistent with observation, the
flavon VEV (®) has to be much smaller than its mass me ~ A. The effective flavour
violating parameter is then given by ¢ = (®) /A < 1.

A very similar structure is encountered in RS models with fermions living in the 5D
bulk. In that case the flavour U(1)r symmetry corresponds to translations along the
extra-dimensional coordinate 0 < y < L, under which the metric is self-similar. The Higgs
field, living on the IR brane, is external to this self-similarity of the bulk. The fermions,
on the other hand, are localised along the extra dimension by means of their bulk mass
parameters cg, 4, i.e. the bulk mass parameters can be interpreted as charges under
self-similarity transformations. Self-similarity is broken explicitly by the presence of the
IR brane, giving rise to the symmetry breaking parameter e *“ < 1. The one-to-one
correspondence between a Froggatt-Nielsen flavour symmetry and bulk fermions in RS is
summarised in table 1.

It is also interesting to consider this correspondence in the CEF'T holographic dual.
In that picture the 5D bulk coordinate y corresponds to the energy scale of the CFT.
Translational invariance along the bulk then translates directly into scale invariance. This
scale invariance is spontaneously broken by a CFT condensate at the Ag ~ 1TeV scale,
corresponding to the IR brane at y = L. The symmetry breaking parameter is therefore



Froggatt-Nielsen symmetry bulk fermions in RS CFT interpretation

U(1)p symmetry self-similarity along y scale invariance
U(1)F charges Qr = a;,b;,d; | bulk mass parameters cbu 4 | anomalous dimensions
v; of fermionic opera-

tors
VEV of scalar ® (Qr = 1) IR brane at y = L CFT condensate
e=(P)/A k1 warp factor e K- scale ratio Arg/Mp)

Table 1. Correspondence between Froggatt-Nielsen flavour symmetry, bulk fermions in RS and
their dual CFT description.

given by Ar/Mp; < 1, where the large hierarchy between these two scales arises naturally
as the spontaneous breaking of the CFT is due to radiative corrections.

As the Higgs field is part of the conformal sector, it couples strongly to composite
fermionic operators of anomalous dimension -;, one for each quark species. Those fermionic
operators then mix with elementary fermions that are external to the CFT and correspond
to the SM quarks. The size of this mixing is directly related to the effective Yukawa
couplings and depends exponentially on the anomalous dimensions ;. Thus effectively the
~; can be interpreted as different flavour “charges”.

The structure of the effective Yukawa coupling matrices in RS then turns out to be
completely analogous to that analysed by Froggatt and Nielsen [35]3. This analogous
structure can now be used to derive analytic expressions for the quark masses and flavour
mixing matrices Uz, g, Dr g in terms of the fundamental model parameters. Therefore we
have checked the respective analytic expressions in [35] and carefully adapted them to the

RS scenario in question. The result is summarised in the next section.

3.2 Quark masses and flavour mixing made explicit

Assuming an IR brane localised Higgs boson the effective 4D Yukawa couplings Y can
be written in terms of the fundamental 5D Yukawa couplings \*“ and the fermion shape
functions fiQ, “ fd (i = 1,2,3) as given in (2.10), where the hierarchies in the 4D Yukawas

arises through the hierarchies

R« f<fl, (3.1)
< f3 < 13
<< (3.3)

vauvd

; (1 < j), we obtain for

Keeping only the leading terms in the hierarchies fZQ ’u’d/

3This has also been noticed and worked out independently in [37].



the quark masses?

v
my = SN s, (3.4)
v )‘33)‘22 )‘23)‘32 et Q
L= , 3.5
m \/5 )\33 f2 f2 ( )
v det(\4 ekL
mg = 2 detX) Qfd, (3.6)

V2NN, — MG, R

and analogous expressions for the up-type quark masses my ., with only replacing “xdr
by AU and ccfdav by “fu”.
Similarly, for the flavour mixing matrices Uy, g, Dy g defined in (2.11), (2.12) we find®

Wi ;— (i < §)

(Dr)ij =11 (i=37) (3.7)

a I .
%’jf% (1>17)
and .

(ot o <)

(Dr)ij =<1 (i=j) . (3.8)

fd . .

P;lj fd (Z > ])

w,

Analogous expressions hold for Uy, g with replacing “d” by “u
Finally, making use of Voxm = L{LDL, we obtain

f7 17 1
Vs = 275 Vip = 3”5 Vep = 2375 > (3.9)
f2 f3 3

with '
J
Qg = Z (wii)* ng- (3.10)
k=i
We would like to stress that the formulae given above are valid at leading order in
fiQ’u’d/ij’u’d (i < j), but are exact in the entries of the 5D Yukawa couplings A%<,
Finally, we comment on the complex phases in the above formulae. It can straight-
forwardly be seen that in general the quark masses, as given in (3.4)—(3.6), are complex
quantities. In order to obtain positive and real values for the quark masses, the unphysical
phases in (3.4)—(3.6) have to be removed by suitable phase redefinitions, which will then
also affect the phases of the flavour mixing matrices Uy, g, D, r. Similarly, suitable phase
redefinitions have to be performed in order to work with the standard phase convention
for the CKM matrix [47].

We would like to thank Katrin Gemmler for checking all formulae given in this section and appendix A.
5See appendix A for the explicit formulae of o.zflj and pfj.
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3.3 Discussion

The formulae derived above considerably improve the widely used (see however [37])

naive estimates L
,d v oye Q pu,d
m" o~ ﬁ)‘k—Lfi £ (3.11)

where ) is the average value of the (anarchic) 5D Yukawa couplings, and

19 u fd
(UL)ij, (Dr)ij ~ fLQ ; (UR)ij ~ T (Dr)ij ~ —Zd (i<j)- (3.12)
j J J

These estimates are obtained from assuming a completely anarchic, i.e. structureless,
Yukawa coupling matrix. However, a random 3 x 3 complex matrix generically does not
have all entries of equal size, unless there is some symmetry enforcing such a structure. In
addition the formulae (3.11) and (3.12) give no hint how the complex phases present in the
fundamental Yukawa couplings A% are related to the effective CP-violating phases of the
Ur,r, D1, g flavour mixing matrices and to the KM phase.

In eq. (3.4)—(3.9), on the other hand, the dependence of the quark masses and mixing
matrices on the elements of the fundamental Yukawa couplings A%< is spelled out in explicit
terms, and the only approximation made is the neglect of higher order corrections in the
hierarchies fiQ’u’d/ ij’u’d (i < j). In general, this approximation is well justified, as the
fermionic shape functions exhibit a strong hierarchy, with the weakest one in the right-
handed down sector. Therefore the largest uncertainties of the above formulae are generally
to be expected in Dg. In addition, as the exact dependence on A% is calculated, predictions
can be made not only for the absolute size of the Uy, r, D, r elements, but also for their
complex phases, that are relevant for CP-violation.

However it can happen that the leading order terms given above are accidentally sup-
pressed by the structure of the Yukawa couplings A*“. In such a case, the naively expected
accuracy of the above formulae is lost, and higher order corrections have to be included in
order to obtain meaningful results.

In addition, the unitarity of the flavour mixing matrices Uy, g, D g, and therefore also
of the CKM matrix, is intrinsically violated by contributions suppressed by fZQ ’u’d/ ij’u’d
(i < j). The exact unitarity of these matrices, however, is very important for the study of
FCNC processes.

Therefore the above formulae should not be used to perform exact calculations of
flavour violating observables, but are meant to give an improved estimate of the size of
effects to be expected.

In our numerical analysis we will make use of the formulae (3.4)—(3.9) in order to fit
the SM quark masses and CKM mixings, which will subsequently be checked numerically.
For the study of the AF = 2 observables in question we will then use the exact numerical
results for the Dy, g mixing matrices.

— 11 —



4 AF = 2 transitions

4.1 Preliminaries

In what follows we will use conventions and notation of [48] so that an easy comparison
with the SM results and with the results obtained in the Littlest Higgs model with T-parity
(LHT) will be possible.

The SM Hamiltonians for K°— K° and Bg, d —Bg, 4 mixings, in the notation also used in
the present paper, can be found in (3.1) and (3.2) of [48], respectively. The SM contribution
to the off-diagonal element Mis in the neutral Kand By meson mass matrices is then given

as follows
G% ., -
(Mf5) gy = 1271?2 FiBrmg M, [N2n1Se + A28y + 20NN 13S0 ] (4.1)
G2 . 2
d d)*
(8) = sttty [ (4 s =

where \; = V;iViq and )\gq) = V3 Vig with V;; being the elements of the CKM matrix.
Here, S., S; and S,; are the one-loop box functions for which explicit expressions are given
e.g. in [48]. The factors n; are QCD corrections evaluated at the NLO level in [49-53].
Finally By and Bp ., are the well-known non-perturbative factors. The amplitude (M7,)gy,
can be obtained from (4.2) by simply replacing d by s.

It should be emphasised that in the SM only a single operator

(8d)y-a(3d)y—a = [57.(1 — ¥5)d] @ [57"(1 — 75)d] (4.3)
and
(bq)v—a(bg)v—a = [byu(1 —75)q] @ [b7"(1 = 75)q] (4.4)

contributes to M{s and M}, (¢ = d,s), respectively. Moreover complex phases are only
present in the CKM factors.

Our next goal is to generalise these formulae to include the new tree level contributions
from KK gluons as shown in figure 1. We will see that three distinct new features will
characterise these new contributions:

1. The flavour structure will differ from the CKM one.

2. FCNC transitions will appear already at the tree level as opposed to the one-loop
SM contributions in (4.1) and (4.2).

3. In addition to (5d)y_4(5d)y_a and (bq)y_a(bq)v_a (with ¢ = d,s) new operators
will be present in the effective Hamiltonians in question.

We recall that only the first feature is present in the LHT model.

- 12 —



Figure 1. Tree level contribution of KK gluons to K° — K° mixing.

4.2 Tree level KK gluon contributions

We begin our discussion with the tree level exchanges of the lightest KK gluons GE})G as

shown in the case of AS = 2 transitions in figure 1. Analogous diagrams contribute to
Bg’ P 337 . mixings. We will analyse tree level EW contributions subsequently.

The neutral current Lagrangian describing the interaction of the lightest KK gluons
Gg(l) (a =1,...,8) with SM down quarks (i = 1,2,3) given first in the weak eigenstate
basis is flavour diagonal and given by

ﬁ%gD = —puv Z 1/;i’yuta [EL(i)PL + ER(i)PR] wZGZ(l) , (4.5)
7
where pyy parameterises the influence of brane kinetic terms on the SU(3). coupling, as
introduced in (2.8). The colour matrices t* satisfy [tq,tp] = ifapctc. We suppress the
quarks’ colour indices (a, ) for the moment, Prj, = (1 & ~5)/2. The value of pyy is very
important for the present analysis and is model dependent as discussed in [20]. We recalled
this discussion in section 2.5.
er(i) and eg(i) are given by the overlap integrals of quark shape functions and
the shape function of the G% (1), with the latter strongly peaked towards the IR brane.
From (2.8) we have

L
er,r(i) =93D% /O dy M [fé%(y%)rg(y% (4.6)

with fjg%(y,cfp) given in (2.6), (2.7) and g(y) in (2.3). As the shape functions of L and
R quarks generally differ from each other, £1,(i) # er(i) and parity is broken by QCD-like
interactions in this model. Most importantly e, (i) depend on the flavour index 4. This
dependence breaks the flavour universality of strong interactions and implies tree level
FCNC transitions mediated by G% (1) as we will see in a moment.

In what follows it will be useful to introduce two diagonal matrices

¢ = diag (e1(1),eL(2),2L(3)) (4.7)
ér = diag (er(1),er(2),er(3))

and two non-diagonal matrices

. =Dl é Dy (4.9)
r = DLérDr (4.10)
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with Dy, g defined in (2.12). AL,R describe the FCNC couplings of down quark mass
eigenstates to the lightest KK gluons.
After rotation to the mass eigenbasis we find then

£R6° = —puv [ L3774+ £8P (4.11)

where
L3P = (At du) + AREtd) + AF (rttsn)| GV (412)
L3P = |AK Gryt dr) + AR (bryutdr) + A bryt®sp)| GHV L (4.13)

and AZL] r are the elements of the matrices A r,r- These elements are complex quantities
and introduce new flavour and CP-violating interactions that can have a pattern very
different from the CKM one.

The diagrams in figure 1 lead to the following effective Hamiltonian for AS = 2
transitions mediated by the lightest KK gluons with mass Mkxk:

2 2
AS=2 _ puv d\2 - o
(Het ]k = 2MZ, [(AL> (5Lyut"dr) (5p9"t%dL)

2
+ <A%d) (§R’yutadR) (gR,-YMtadR)

+ 203N (5py,ttdr) (SpyttdR) | . (4.14)

For the Bg7 — 337 . Hamiltonians one has to replace “sd” by “bd” and “bs”, respectively.

The Hamiltonian in (4.14) is valid at scales O(Mkgk) and has to be evolved to low
energy scales 1 = O(2GeV), u(my) at which the hadronic matrix elements of the opera-
tors in question can be evaluated by lattice methods. The relevant anomalous dimension
matrices necessary for this renormalisation group evolution have been calculated at two-
loop level in [54, 55] and analytic formulae for the relevant QCD factors analogous to 7;
in (4.1) and (4.2) can be found in [56]. When using these formulae we neglect the unknown
O(a) corrections to the Wilson coefficients of the relevant new operators at y = Mggk. As
as(Mgk) with Mgk ~ 3TeV is small, these corrections are negligible in comparison with
the effects of renormalisation group running from p = Mgk down to u ~ O(my,2 GeV).

Our next task is then to transform the operator basis in (4.14) into the basis used
in [56]:

QY = (5y,Prd) (57" Prd)
QY = (57, Prd) (57" Prd) ,
Q1" = (5y,Prd) (5" Prd)
QLR — (5Pd) (5Pgd) , (4.15)

where we suppressed colour indices as they are summed up in each factor. For instance
57, Prd stands for 5,7,Prd, and similarly for other factors.
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A straightforward calculation gives us the effective Hamiltonian® for AS = 2 transitions
in the basis (4.15) with the Wilson coefficients corresponding to p = O(Mkk)

1
CAMZ

[H?ﬁSZQJ KK [CYLL Q}/LL + CYRRQYRR + ClLRQ%R + CQLRQ%R] , (416)

where

2 2
OV EE (Myk) = Spuv? <A8Ld)

3
VRR 2 2 asd)?
O ™ (Mkk) = 3puv <AR)
2
CH (M) = —ngVQAidAi?d
Cyf(Mik) = —4puv? APAY . (4.17)

Analogous expressions exist for Bg — Bdo and BY — BY systems, with sd replaced by bd and
bs, respectively. We confirm the results of [20].

4.3 Tree level electroweak contributions to AF = 2 processes

The KK gluon tree level contributions in figure 1 discussed until now are believed to
dominate the NP contributions to AF = 2 processes in the model in question. However
we will demonstrate now that while this is justified in the case of ex and AMp, in the
case of By, physics observables it is mandatory to include also tree level EW gauge boson
contributions. To our knowledge the only paper studying EW contributions to AF = 2
processes is the analysis of Burdman [31]. However, in that paper only Z contributions
have been considered, and moreover the QCD renormalisation group enhancement of the
Orr operators has not been taken into account. As will be demonstrated below in the
model considered here the dominant EW contributions do not come from Z but from tree
level exchanges of the two new heavy gauge bosons Zy and Z’. The contribution of the
KK photon turns out to be much smaller than the latter contributions.

Let us begin with the KK photon contribution A1), The contributing diagrams are
as in figure 1 with G replaced by AW, ESIED is given simply by (4.5) with the colour
matrices t* replaced by the identity in colour space and ey, r(i) replaced by the overlap
integrals similar to the ones in (4.6) but with g?P replaced by ¢, the 4D QED coupling
constant. Note that the shape function of the KK photon is equal to g(y). Moreover it is
useful to absorb the electric charge factor in ef, g(i)(AM).

The calculation is simplified relative to the previous one by the fact that in the absence
of t* one immediately obtains the result in the basis (4.15).

We find the following corrections to the Wilson coefficients C;( Mgk )

[ACYFE (M) 7 = 2 A A<1>)]2 ,

[ACY PR (M) ™ = 2 [aga®)]”

5We would like to thank Michaela Albrecht for checking this result.
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[AC&LR(MKK)}QED =4 [Aid(A(l))] [A%(A(l))} ’
[ACER(Mici)] ¥ = 0, (418)

where ASL’%(A(U) are analogous to ASL’%(G(I)) considered before with explicit expressions
given in appendix B. The following observations should be made:

. ASL’%(A(U) are suppressed by the charge factor 1/9 and aqrp/as(Mkk) relatively to
ASL’%(G(D). These suppressions are partially compensated by the absence of the 1/3
colour factors in (4.18).

e Without O(as) corrections to the tree level exchange of the KK photon, the coefficient
[ACQLR(MKK)]QED vanishes. Strictly speaking for a NLO-QCD analysis the O(ay)
corrections to the result (4.18) should be included. But as these corrections are small
we can neglect them.

e The mixing of QM with QIR generates through renormalisation group effects a
non-vanishing [ACQLR(uO)]QED that is proportional to [ACILR(MKK)]QED and con-
sequently is O(aqgp)-

We consider next the contributions of Z, Zy and Z’ gauge bosons that before EWSB
correspond to the zero mode Z(©) its first excited KK state Z(!) and the heavy Z;l) gauge
boson, a linear combination of W}?%” and X, of U(1)x [38]. Clearly while the KK gluon and
photon contributions are universal to all RS models with bulk fermions, the contributions
discussed in the following depend sensitively on the EW gauge group and the choice of
fermion representations.

Before EWSB the couplings of Z(©) to quark flavour eigenstates are universal but the
ones of ZU) and Zg(l) are not. After EWSB the mixing between Z(©), Z(1) and Zg(l) implies
breakdown of universality of the couplings of the mass eigenstates Z, Zg and Z’ to quark
flavour eigenstates which after the rotation to quark mass eigenstates implies tree level
FCNC processes mediated by these three gauge bosons. Now the FCNC couplings of Zy;
and Z' are O(1), while the ones of Z are O(v?/MZy). Consequently, its contribution to
AF = 2 processes is O(v* /MféK) and can be safely neglected already for this reason. In
addition as we will demonstrate in section 4.4 the flavour violating Z coupling to left-handed
down-type quarks vanishes in the limit of exact Prr symmetry, so that these contributions
are suppressed in the model in question also in the case of AF = 1 processes [46].

The calculation of O(v?/MZy) tree level contributions from Zy and Z’ proceeds sim-
ilarly to the calculation of the A contribution and we find:

(aztz)’ + (a32D)]

[ACY PR ()] ™ = 2 | (A3(2M))” + (A;gl(z;”)ﬂ ,

]EW

[ACYF (Mkk) =2

EW M s . . .
[ACER (M) ™ = 4 [z AR (Z0) + A (218K (2] |

[ACER (Myi)] ™ =0, (4.19)
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where the overlap integrals ASL’%(Z 1) and ASL’%(Z;I)) are explicitly given in appendix B.
They include the relevant weak couplings and weak charges.

In order to estimate the size of EW contributions when compared to the KK gluon
exchanges we factor out all the couplings and charge factors from ASLCfR. The remaining
ASL‘fR are then universal for all the gauge bosons considered up to the different boundary

condition of Zg(l)

Asd (Z(l))
L.r\Zx")-
Adding the contributions (4.17), (4.18) and (4.19) and evaluating the various couplings
we find

on the UV brane, whose inclusion amounts to only a percent effect on

OV EE (Mkk) = (0.67 + 0.02 4+ 0.56)(A3)? = 1.25(A35%)?
OV EE(Myk) = (0.67 4 0.02 + 0.98)(A3)? = 1.67(A3)?
CER(Myx) = (—0.67 +0.04 + 1.13) (A2 A3 = 0.50(A5TA5 (4.20)

where the three contributions correspond to KK gluon, KK photon and combined (7', Zp)
exchanges respectively.” The Wilson coefficient C##( Mgy receives only KK gluon contri-
butions at u = Mkxk.

We observe that the EW contributions are dominated by Z’, Zy exchanges and in
the case of O} 1L, O} and CFE amount to +87%, +150% and —175% corrections. In
particular the sign of CFT(Mxky) is reversed.

We conclude that the EW gauge boson contributions to the Wilson coefficients
CYEE OVER and CFE at u = Mgy are of the same order as the KK gluon contributions and
have to be taken into account. In the case of ex and AMp the strong enhancement of the
coefficient CI¥ through QCD renormalisation group effects and the chiral enhancement of
the hadronic matrix element of Q%R assure that KK gluon contributions still dominate by
far over EW contributions, although the reversal of the sign of C¥# makes the constraints
from e and AMg to be slightly stronger.

However, in the case of B, physics observables the QCD renormalisation group en-
hancement in the LR sector is smaller than in the K sector and the chiral enhancement of
(Q5%) and (QFF) is absent. Therefore the Q %I operator becomes important even with-
out the EW contributions and it is further enhanced when these contributions are taken
into account.

At first sight our finding that EW contributions can compete with QCD contributions
is surprising. On the other hand one should remember that KK gluon contributions sim-
ilarly to EW contributions are suppressed by their large masses and the main difference
between these contributions results from gauge couplings, colour factors, weak charges and
renormalisation group effects. Our analysis shows that with the exception of 3 all these
effects conspire to make EW heavy gauge boson contributions to be as important as the
KK gluon contributions in By, physics AF = 2 observables.

"These results are obtained neglecting the running of the EW gauge couplings between the EW scale
Mz and the KK scale Mkk. Taking into account also these contributions, we would have corrections to
the gauge couplings at the 5% level, so that we can easily neglect them.
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4.4 Custodial protection of tree level Z contributions

Applying the same method already used to compute the contributions of the EW bosons
Zy and Z' to AF = 2 processes, we find the corrections to the Wilson coefficients due to
the Z exchange

z M 2 M s s 12
acy )’ = 2 (i) @y [aga) - rapa?)]
Z M 2 M s s 12
A0y (0] ” = 2 (e ) (@? [ z®) - rat2P)]
z My \? F . }
[AC%R(MKK)] =4 <MKZK> (IlJr)2 _ALd(Z(l)) _ T’ALd(Zg(l))_
[z - ragz)]
(At b)) = (121)

where we have defined the quantity r = % cos cos ¢ = T cos 1 cos ¢, and If[ are the

overlaps of the gauge boson shape functions with the Higgs profile as defined in [38, 46].

We see explicitly that the Z contributions to AF = 2 processes are suppressed first
by (Mg /ZMKK)2 relative to Zy and Z' contributions. But in fact in the case of CY LL and
CFE the suppression is much stronger as the custodial symmetry relevant for the Zbrbr,
protection is also active here, and it is violated only by the boundary conditions on the UV
brane. Neglecting this breakdown as in the estimates of (4.20) and using the couplings in
appendix B [38] we find

ACYHH (Mk) ~ (1 —7)*(AL)?,
ACTR(Mik) ~ (1 =) (AF)(AE). (4.22)

In the limit of exact Prr symmetry 7 = 1, so that these two contributions vanish. As the
right-handed couplings of Z are smaller anyway its contribution to AF = 2 observables
is negligible.

We recall from the discussion in section 2.7 that KK fermion contributions to the Z
couplings appear at the same order in the v? /MI%K expansion as the KK gauge contribu-
tions already discussed and therefore have to be considered as well. It is now important
to note that provided all quark representations in the model are symmetric under the Prr
exchange symmetry, as is indeed the case in the model considered, the custodial protection
mechanism is effective also for the latter contribution. Again, small non-vanishing contri-
butions appear due to the symmetry breaking by UV boundary conditions, but they are
found numerically small as expected.

These findings have also implications for AF = 1 processes. Also there the left-
handed couplings of Z to quarks are strongly suppressed by the custodial symmetry so
that new physics contributions to meson decays with leptons in the final state turn out to
be dominated by tree level right-handed couplings Z df,%czg% [46]. This should be contrasted
with the model considered in [37] where the protection of the ZdiLJi couplings is absent
and tree level Z contributions to AF = 1 processes are expected to be significantly larger.
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4.5 M5 from KK gauge bosons

Denoting the contributions of KK gluons to the Wilson coefficients in (4.17) by [Cs(Mkx )],
we finally have

Ci(Mkk) = [Ci(Mkk)]” + [AC; (Mkk)]| Y™ + [AC; (Mkx)]P™ (4.23)

with the various contributions given in (4.17), (4.18) and (4.19), respectively.

The renormalisation group evolution from u = Mgk to a low energy scale g can
be done separately from the additive SM contribution, even if Q)% is equal up to a
factor of 1/4 to the SM operator (5d),_ 4 (5d),,_,. We recall that Q]*L and Qf %
renormalise without mixing with other operators and that their evolution is the same as
QCD is insensitive to the sign of v5. But as C}*F(Mkk) # CYFE(Mkk), their Wilson
coefficients at po will differ from each other. On the other hand QFF and QF mix under
renormalisation so that the RG evolution operator is a 2 X 2 matrix.

The outcome of this analysis is an effective Hamiltonian relevant at the low energy
scale g

1
CAMZ,

(M52 ik [CY (o) QY M + CF BB (o) QY FE
+ CF R (o) OF + C3 1 (10) Q5] (4.24)

with analogous expressions for the AB = 2 Hamiltonians.
The contribution of the KK gauge bosons G, AY | Zy | Z' to the off-diagonal element
M is then obtained from

2mic (M{5) e = (KO (M =] i 1K°) - (4.25)
To this end one has to evaluate the hadronic matrix elements
(K°|Qi(p)| K%)= (Qi(p)) - (4.26)

They can be parameterised as follows

(O (1)) = (@Y () = Zm3 FEBY (1), (427
OV (1)) = — 3 RGumi FE B (1) (4.25)
(0§ (1)) = 5 R(uwm3 F BE (), (429)

where the B; parameters are known from lattice calculations. They are related to the
parameters By, Bs and By calculated in [57, 58] as follows

BYLL(M) = Bl ; BlLR(:u') = B5 ) BgR(M) = B47 (430)

and their numerical values are given in table 2. It should be stressed that B;(u) are not
renormalisation group invariant parameters in contrast to Bg in (4.1) but in view of the

results in [56-58] it is easier to use them in this way. Finally

2
70 = (o Forat) (431
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By, | By | Bs 140
KO9-K9 | 0.57 | 0.81 | 0.56 | 2.0 GeV
BY%-BY | 0.87 | 1.15 | 1.73 | 4.6 GeV

Table 2. Values of the parameters B; in the MS-NDR scheme obtained in [57] (K°-K°) and [58]
(B°-BY). The scale g at which C; are evaluated is given in the last column. For By in (4.1) we
use B = 0.75 £ 0.07 [59].

Collecting all these results we find (u, = 2GeV)

= ———mrFi - | (O (ur) + O ™ (ur)) BfY (4.32)

ES

1 3
—§R(ML)C1LR(ML)B5K + ZR(ML)CQLR(ML)BZK

Analogous expressions can be derived for (Mle)KK and (M7,) gy relevant for BY — B and
BY — BY mixings, respectively. For instance (u, = 4.6 GeV)

1
d 9 VLL VRR d
(M12>KK = mdeFBd [ (CY " () + CY M () B (4.33)

*

1 3
—§Rd(ﬂb)C1LR(Mb)Bg + ZRd(Mb)CzLR(Mb)Bff

with
mp

dn_(_ mB, 2
70 = (o Pt (3

The values of the Wilson coefficients C; in (4.34) differ from those in (4.33) as different A%
are involved and the scales pz, and py in (4.33) and (4.34) are different from each other.
Similarly B¢ in (4.34) differ from the ones in (4.33) as now hadronic matrix elements
between BY and BY are evaluated.

The values for B; in the MS-NDR scheme that we will use in our analysis have been
extracted from [57] and [58] for the K* — K system and BY ; — BY ; system, respectively.
They are collected in table 2, together with the relevant values of .

4.6 Combining SM and KK gauge boson contributions

The final results for M5, M, and Mj3,, that govern the analysis of AF = 2 transitions in
the RS model in question, are then given by

M1i2 - (M{Q)SM + (M{Q)KK (Z = K,d, 3) ’ (435)
with (Mfy) gy, given in (4.1)~(4.2) and (M{y) . in (4.33) and (4.34).

4.7 Basic formulae for AF = 2 observables

We collect here the formulae that we used in our numerical analysis. We would like to em-
phasise that, although physical observables are phase convention independent, some of the
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formulae collected in this section depend on the phase convention chosen for the CKM ma-
trix and yield correct results only if the standard phase convention [47] is used consistently.
The Kj — Kg mass difference is given by

AMg =2 [Re (M{3) g, + Re (M{3) 1] (4.36)
and the CP-violating parameter ex by

K€l

EK = —F/———————
K \/i(AMK)exp

where . = (43.51 + 0.05)° and k. = 0.92 4+ 0.02 [60] take into account that ¢, # m/4 and
includes an additional effect from Im Ag, the imaginary part of the 0-isospin amplitude in

[Tm (Mllg)SM +Im (Mi5) i ] (4.37)

K — 7.

For the mass differences in the Bg, i Bg . Systems we have
AM, =2 {(M&)SM + (M{]Q)KK‘ (g=d,s). (4.38)
Let us then write [61]
M, = (Miy)gy + (Mis) ke = (Mis) gy Cqusz“ (4.39)
where

e B~ 22°, (4.40)

(M1d2>SM - ‘(Mfl2) SM
(Mf2>SM - ‘(MfQ) SM‘e%ﬁs ’ Bo 2 =17 (4.41)

Here the phases § and 5 are defined through

Via = [Viale™  and  Vis = —|Visle . (4.42)
We find then
AM, = (AMy)smC, (4.43)
and
Sykg = sin(26 +2¢p,), (4.44)
Sye = sin(2|Bs| — 2¢5,), (4.45)

with the latter two observables being the coefficients of sin(AMgyt) and sin(AMt) in the
time dependent asymmetries in Bg — ¢Kg and BY — ¢, respectively. Thus in the
presence of non-vanishing ¢p, and ¢p, these two asymmetries do not measure 3 and [
but (8 + ¢p,) and (|Gs| — ¢B,), respectively.

At this stage a few comments on the assumptions leading to expressions (4.44)
and (4.45) are in order. These simple formulae follow only if there are no weak phases
in the decay amplitudes for Bd0 — 1 Kg and BY — ¢ as is the case in the SM and also in
the LHT model, where due to T-parity there are no new contributions to decay amplitudes
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at tree level so that these amplitudes are dominated by SM contributions. In the model
discussed in the present paper new contributions to decay amplitudes with non-vanishing
weak phases are present at tree level. However, these new contributions are suppressed
by MSV /MZy and, as they involve charged currents, they can be safely neglected with
respect to the SM tree level contributions. Basically in the present analysis we make a
working assumption that tree level contributions from new physics can only be important
in processes in which SM contributions are absent at tree level as is the case for M{$ and
MY, discussed above.

Now in models like the LHT model, the only operators contributing to the amplitudes
ME and M{, are the SM ones, that is with the (V — A)® (V — A) structure. Consequently
the new phases ¢, and ¢ p, have purely perturbative character related to the fundamental
dynamics at short distance scales. The situation in the RS model in question is different.
As now new operators contribute to the M7, amplitudes the parameters Cp, and pp,
in (4.39) are complicated functions of fundamental short distance parameters of the model
and of the non-perturbative parameters B}, Bf and Bj. Thus the test of the RS model
considered with the help of particle-antiparticle mixing and related CP-violation is less
theoretically clean than in the case of the LHT model. On the other hand one should also
emphasise that the main theoretical uncertainty in (4.34) comes from Fpg, and not from
the B; parameters.

Finally, we give the expressions for the width differences AI'; and the semileptonic
CP-asymmetries Al

AT, (AMq>eXp Re ( ri, >SM cos 20p, I ( ri, >SM sin 2¢p, (4.46)
Ly Ly M, CB, My CB, L
9 \M cos 2¢p 17\ "M sin 205
Al :Im< 12> q—Re( 12> <, 4.47
St M, CB, M7, CB, ( )

Theoretical predictions of both AI'; and AgL require the non-perturbative calculation of
the off-diagonal matrix element I'{,, the absorptive part of the Bg — Bg amplitude. We
refer to section 3.8 of [48] for further details and just quote here [62]

rd SM s \ SM
Re <M—1§> = —(3.0£1.0)-1073, Re <Ml§ > = —(2.6+£1.0)-107%, (4.48)
12 12
rd_\SM s\ SM
Im | —2 = —(6.4+1.4)-1074, Im 2 =(2.6+0.5)-107°.  (4.49)
Mg, M7,

Finally, we recall the existence of a correlation between Ag; and Sy¢ that has been
pointed out in [63] and which has been investigated model-independently in [64] and in the
context of the LHT model in [48]. We will see below that such a correlation also exists in
the model considered here.

4.8 Summary

In this section we have calculated the contributions of tree level KK gluon and EW gauge
boson exchanges to the amplitudes M{S, M{, and M3, in RS models with custodial protec-
tion of the ZdiLJJL coupling. We have then given formulae for AMy, AMg, AM;, e, Syks,
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Sye, Al'g and AgL in a form suitable for the study of the size of the new RS contribution.
The numerical analysis of these observables will be presented in section 6.

While particle-antiparticle mixing in RS models has already been discussed in the
literature, our analysis goes beyond these papers as we performed the full renormalisation
group analysis, calculated both KK gluon and EW gauge boson contributions, and also
considered more observables of interest.

5 Strategy for the numerical analysis

5.1 Flavour parameters

Let us begin this section by counting the flavour parameters in the quark sector, follow-
ing [6], for completeness.
First the 3 x 3 complex 5D Yukawa coupling matrices

DU (5.1)

contain each 9 real parameters and 9 complex phases. This is precisely the case of the SM.
New flavour parameters enter through the three hermitian 3 x 3 bulk mass matrices

cQ > Cy Cd (52)

which bring in additional 18 real parameters and 9 complex phases.

In total we have thus 36 real parameters and 27 complex phases at this stage. Not all
of these however are physical and some of them can be eliminated by the flavour symmetry
U(3)? of the 5D theory which exists in the limit of vanishing A and cQ.u,d- This flavour
symmetry is identical to the one present in the SM, and as in the SM 9 real parameters
and 17 phases can be eliminated by making use of this symmetry. Note that one phase
cannot be removed as it corresponds to the unbroken U(1)p baryon number symmetry.

We are then left with 27 real parameters and 10 complex phases to be compared to 9
real parameters and one complex phase in the SM. Evidently the new 18 real parameters
and 9 phases come from the three bulk mass matrices cg, ¢, and cq.

As already stated in section 2.6, it is convenient to work in the special basis in which
the bulk mass matrices cg 4 are diagonal and thus comprise only 9 real parameters. The
remaining 18 real parameters and 10 physical phases are then collected in the 5D Yukawa
coupling matrices A% and \%. For our numerical analysis it will be essential to have an
efficient parameterisation of A< in terms of only these parameters. Such a parameterisation
will be presented in the next section.

5.2 A useful parameterisation of A%<

As every complex 3 x 3 matrix, the 5D Yukawa matrices can always be singular value
decomposed as
N =eUID,V,, A =¢e%UuDygVy, (5.3)

where the D, 4 are real and diagonal and the U, q4,V, 4 € SU(3). The singular value
decomposed representation contains redundancies which we will try to get rid off in the
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following. At this stage the right hand sides in (5.3) contain each (0,1) + (3,5) + (3,0) +
(3,5) = (9, 11) parameters, corresponding to 9 real parameters and 11 phases. Two of those
phases are of course spurious (see below) since a complex 3 x 3 matrix should be described
by (9,9) parameters. In order to find a description in terms of physical parameters only
we will use the Euler decomposition for SU(3) matrices [65]

U(Oé, a,v,¢, B’ b, 97 ¢) _ ez)\gaez)\gaez)\yyez)\5cel)\36€z)\2bel)\39ez)\8¢> (54)

where a, b, ¢ are mixing angles and «,, 3,0, ¢ are phases. In the basis in which cg 4, are
diagonal and real we have the freedom to make the following rephasing

QL BN ei)\gaUde—i)\g(qu QL,

up — e iuem N0V g NSOV

dp — €_i¢d€7iA3€Vd€7iA8¢VddR.

The unitary matrices U,V in a singular value decomposition are defined up to an internal
diagonal rephasing

UDV = (UesA+idsB)p(e=sA=XBy) = /DY’ | (5.8)
Using this freedom and an additional rephasing of the quark fields we find the equivalence

A" = UJ(O’ AUy YUy CUY /BUu’ qu’ QUu, 0) D, Vu(aVua AV, s VWi CVy s ﬁVua qua 0, 0)
— Ul'i]:(07 ay, s YU, + r,cu,, ﬁUu - qua eUua T/\/g) Du
Vulow,, av, ., +1.cv,, By, — by, 0,7/V3).  (5.9)
The entries r/ V/3 can be again rotated to zero due to the freedom to rephase the quark

zero modes. Using this invariance parameterised by r allows us to choose vy, = 0. We can
now define \* and A? in terms of physical parameters only

)‘u - UJ(Oa ay, 07 CU, » /BUqu qu7 HUu7 O) Du Vu(OéVua AV, s YWy CVy s /BVua qu7 07 O) 3 (510)
)‘d - Ud(07 aUda ’YUda cUd7 ﬁUd7 bUd7 Oa 0) Dd Vd(ana an7 PYVd7 ch7 /BVd7 de7 07 O) ) (511)

with D, = diag(yl,y2,92) and Dy = diag(yé, yfl, yg) Altogether we find 18 real parameters
and 10 physical phases contained in the 5D Yukawas, as expected.
5.3 Guideline for the parameter scan

The starting point of our numerical analysis is the generation of random 5D Yukawa cou-
pling matrices A*¢. This can efficiently be done by means of the parameterisation presented

in the previous section. In our scan we take
0<y,a<3 (i=1,2,3), (5.12)

where the upper bound stems from the perturbativity constraint on A\*¢. The mixing
angles

ay,,cu,,bu,,av,,cv,, by, av,, cu,, bu,, av,, cv,, by, (5.13)
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and CP-violating phases

BUw s 00 OV s Wi BV YU BUgs Qv Wy By, (5.14)

will be varied in their physical ranges [0, 7/2] and [0, 27|, respectively.
The overall scale for the bulk mass parameters cZQu 4 Will be fixed by the requirement
that c% lies in the range
01<c} <05, (5.15)

allowing for consistency with EW precision data thanks to the protection of the Zbrby,
coupling [15, 16]. The remaining bulk mass parameters will then be fitted making use of
the analytic formulae of section 3.

Having generated a 5D parameter point, we check its consistency with the measured
quark masses and CKM parameters by diagonalising numerically the obtained effective 4D
Yukawa coupling matrices Y,, 4. Note that in order not to depend on unphysical phases at
this stage, we choose to fit the Jarlskog determinant [66]

Jop = Im(vud‘/cs ;s ;j) (516)

rather than the CKM angle v = —arg(Vys).

Finally, in order to be able to work with the well-known formulae summarised in
section 4, we remove unphysical phases by proper phase redefinitions of the quark fields,
requiring real and positive masses and standard CKM phase conventions.

Throughout the major part of our analysis, we will keep fixed

f=1TeV, (5.17)

corresponding to

Only in the last part of our analysis, where we wish to determine a generic bound on the
KK scale by the requirement of naturalness, we will also vary f.

6 Numerical analysis

6.1 Introduction

Having at hand all the relevant formulae for AF = 2 processes in the RS model in question,
we will investigate how much fine-tuning of parameters is necessary in order to obtain a
satisfactory description of the existing data and whether some characteristic patterns of
deviations from MFV can be attributed to this model.

To this end we will use the measure of fine-tuning introduced by Barbieri and Giu-
dice [67] and most commonly used in the literature. In that paper the amount of tuning
Apc(0;,pj) in an observable O; with respect to a parameter p; is defined as the sensitivity
of O; to infinitesimal variations of p;. Explicitly,

O; Opj

Apa(0i,pj) =

: (6.1)
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A = |Vis| = 0.226(2) G = 1.16637 - 107° GeV 2

V| = 3.8(4) - 1073 My = 80.403(29) GeV

|Vip| = 4.1(1) - 1072 [69] | a(Mz)=1/127.9

v = 80(20)° sin? Oy = 0.23122

AMpy = 0.5292(9) - 1072 ps~! mY, = 497.648 MeV

ler| = 2.232(7) - 1073 [47] | mp, = 5279.5 MeV

AMy = 0.507(5)ps ! mp, = 5366.4 MeV [47]
AM, = 17.77(12) ps ! m = 1.32(32) [49]
Syrs = 0.681(25) [70] | n3 = 0.47(5) 50, 51]
me = 1.30(5) GeV n2 = 0.57(1)

my = 162.7(13) GeV ng = 0.55(1) (52, 53]
Fg = 156(1) MeV [71] | Fp, = 245(25) MeV

Bg = 0.75(7) Fg, = 200(20) MeV

Bp, = 1.22(12) FBS\/ETgs = 270(30) MeV

Bp, = 1.22(12) FBd\/Bin = 225(25) MeV
Bp,/Bg, = 1.00(3) 59] | € = 1.21(4) 59
as(Mz) = 0.118(2)

Table 3. Values of the experimental and theoretical quantities used as input parameters.

where the normalisation factor p;/O; appears in order not to be sensitive to the absolute
size of p; and O;. The overall fine-tuning in the observable O; is then given by

Apc(0;) = maxj—1 . m{Asc(0i,pj)}, (6.2)

where the index j runs over all m dimensions of parameter space. Obviously, the larger
Apc(0;), the more sensitive is the value of O; to small variations in the parameters pj,
i.e. the more fine-tuning is required to keep O; stable.

Now, the RS model in question has many parameters. Moreover AM,; and AM; suffer
from sizable uncertainties originating dominantly in Fp, and Fp, that enter squared in
AMg s and are known only within 10% accuracy. This should be contrasted with the CP-
violating parameter g, where the decay constant F is known with 1% accuracy and the
parameter B K, that enters ex linearly, should be known within 3% accuracy already at
the end of 2008 from lattice calculations with dynamical fermions [68]. Finally let us recall
that the CP-asymmetries Sy and Sy are basically free from hadronic uncertainties and
the hadronic uncertainties in the ratio AMy/AM, amount to roughly 4%.

On the experimental side the data on AM,;, AM and e are very precise, so that
their experimental errors can be neglected for all practical purposes, while Sy is known
with an uncertainty of +4%. A My, while very accurately measured, is subject to poorly
known long distance contributions and we will only require that (AMF )exp is reproduced
within £50%.

With this pattern of uncertainties in mind, we will perform our numerical analysis in
several steps as follows:
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u=2GeV pu=46GeV pu=172GeV  pu=3TeV
3.0(10)MeV ~ 2.5(8)MeV  1.6(5)MeV  1.4(5) MeV
) | 6.0(15) MeV  4.9(12) MeV  3.2(8) MeV  2.7(7) MeV
) | 110(15)MeV  90(12) MeV  60(8) MeV 50(7) MeV
) | 1.04(8) GeV  0.85(7)GeV  0.55(4) GeV  0.45(4) GeV
)

)

3

u(p)
d\H

3

3
=

s

(
(
e
(
(

3
=

3

42(1)GeV  2.7(1)GeV  2.2(1)GeV
— 162(2) GeV  135(2) GeV

b\

3
=

t

Table 4. Renormalised quark masses at various scales, evaluated using NLO running. The lo
uncertainties are given in brackets.

Step 1. We will require that the masses of the SM quarks are reproduced within 20.
For the three mixing angles of the CKM matrix represented in our analysis by |[Vis|, |V
and |V, we will require agreement within 20. As the value of the phase v = dckn from
tree level decays still suffers from large uncertainties, we will just require that it lies in the
range 60° <~ < 100°. The strategy for performing efficiently step 1 has been outlined in
the previous section.

Step 2. Having constrained moderately the space of parameters in the first step we will
investigate how much fine-tuning is necessary in order to reproduce the experimental value
of eg. Similarly, we will consider the cases of AM[, being sensitive to Re(M{s), and SpKgs
being the most accurately known AF = 2 observable in the B systems.

Step 3. At this stage we will impose the experimental constraints from AF = 2 observ-
ables. In order not to complicate our analysis, we will set all input parameters collected
in table 3 to their central values and instead allow the resulting observables AMp, AMy,
AM,, AMg/AM,, eg and Syk, to deviate by +£50%, £30%, +30%, £20%, +30% and
+20%, respectively. These uncertainties may appear rather conservative, but we do not
want to miss any interesting effect by imposing too optimistic constraints. A similar strat-
egy for the error analysis has been followed in [48, 72] in the context of the LHT model.
Recently that analysis has been updated and extended by a more careful error analysis [73],
revealing that the simplified error analysis of [48, 72] did not have a qualitative impact on
the results obtained.

Furthermore additional theoretical uncertainties enter our analysis due to the several
approximations made. First of all we are taking into account only the first gauge KK
modes and not the full KK towers, whose neglect amounts to an error < 10%, which we
have checked numerically. However one should keep in mind that the model becomes non-
perturbative already after the first few KK modes, so that we think the result obtained
from the sum over the whole KK tower cannot be fully trusted. In addition we do not
numerically include the effect of mixing of the SM quarks with their heavy KK partners,
which turns out to be subleading and at the level of 10% (see section 2.7 for details).

Step 4. Having at hand those regions of the parameter space that are consistent with all
available constraints, we study the KK gauge boson effects on those AF = 2 observables
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Figure 2. left: Re(M{)kk/ Re(ME)sy and Im(M{E) ki / Im( M )su, plotted on logarithmic axes.
right: Re(M75)kk and Im(M75)kk, normalised to |(M7sy)sm| and plotted on logarithmic axes.

that are not yet known with good accuracy. These are mostly the CP-asymmetries Sy
and Ag; , but also the width difference AI's/T, in the By system.

Step 5. Finally we will investigate whether the results obtained in Step 4 depend sig-
nificantly on the fine-tuning Apg(ex). Therefore we will impose the additional constraint
Apc(ex) < 20 and redo the phenomenological analysis performed in Step 4.

Step 6. Last but not least, motivated by the analysis in [20], we will derive a generic
lower bound on Mkg from eg, demanding that the average required fine-tuning to get
an acceptable e value does not exceed a certain naturalness limit. In this step we will
therefore also vary the scale f.

Throughout our analysis we will consider density plots rather than scatter plots, as
these offer the additional information which effects are the most likely ones. We also show
the colour bar for each of the plots, although the absolute number of points in each counting
bin depends of course on the number of points considered and on the bin size chosen.

6.2 Results
6.2.1 RS Contribution to M{g’d’s

In order to get a feeling for the size of the RS contribution to AF = 2 observables, we
show in figure 2 the complex (M{$)kk and (M7,)kk planes.

In the left panel of figure 2, we show Im(M{)kk/Im(M{S)sm plotted as a function
of Re(M{)kk/Re(ME)sm. We observe that while Re(M{S)kk has the tendency to be
generically somewhat smaller, albeit still competitive, with the SM contribution, the KK
contribution to Im(M{S) typically exceeds the SM by two orders of magnitude. This is
due to the suppression of Im(M% sy with respect to Re(M{E)sym by roughly a factor 100,
and leads to the generic strong constraint from e on the KK scale identified in [20]. Still,
already from this figure we can deduce that there exist regions of the parameter space for
which Im(M{)kk < Im(M{5)sy, so that agreement with the data on ex can be obtained
even for a scale as low as Mgk = 2.5 TeV.
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Figure 3. The ratio of the contribution of only Qrr and only Qr; to |(M{5)kk| (left) and
|(M3,)kk| (right), as a function of |(Miy)kk/(Miy)sm| (i = K, s).

In the right panel of figure 2, we show Re(M7,)kk and Im(M7,)kk, normalised to
|(M75)sm|. We observe that the KK gauge boson contribution tends to be of roughly the
same size as the SM contribution, and that contrary to the SM Re(M7,)kk and Im(M75)kk
are generically of the same size, so that an O(1) new physics phase can be expected. For
completeness we mention that the case of M, is very similar to M3, and we do not show
it here.

Next, we aim to analyse the importance of the various operators induced by the KK
gauge boson exchange. Therefore in the left panel of figure 3 we show the ratio of the Qrr
and Qr operator contributions to (M{5)kk. In accordance with the analysis in [20] we
observe that the LR contribution is by far the dominant one, while the LL contribution is
typically below 10%. The reasons for this dominance is the chiral and QCD enhancement
of the LR operator. The contribution of Qrp turns out to be negligibly small, which is due
to the fact that the right-handed bulk mass parameters cil violate the flavour symmetry
much less strongly than the left-handed c’é ones. In addition the brp quark lives closer to
the UV brane than the b7, one and is therefore much less sensitive to the flavour violation
induced by KK modes close to the IR brane.

In the right panel of figure 3 then the ratio of the Qpr and Qp 1, operator contributions
to (M7,)kxk is shown. In that case the situation differs from the K system, due to absence of
the chiral enhancement and the weaker renormalisation group QCD enhancement. Indeed
we find that the Qpr and Qpr turn out to be competitive in size, and in most cases
Qr1 even yields the dominant contribution. We note that while the Qrr contribution is
essentially unaffected by the EW contributions, they enhance Qr by roughly a factor 2, so
that the importance of LL contributions in By, physics is increased by these contributions.
Again the contribution from Qgrp to M7, is very small. The situation in the B, system is
very similar and we do not show it explicitly.

6.2.2 Fine-Tuning in AF = 2 observables

While deducing already from figure 2 the possibility to obtain ex in accordance with the
data, we are now interested in how natural such values are. Therefore we show in figure 4
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Figure 4. left: The fine-tuning Apg(ex) plotted against ¢, normalised to its experimental value.
The blue line displays the average fine-tuning as a function of €. right: The same, but displaying
only the phenomenologically interesting region 0.1 < |ex /(K )exp| < 10.

the fine-tuning in ex, Apg(ek), as a function of ex. We observe that while for generic
values e /(€K )exp ~ O(100), the fine-tuning is typically relatively small, Aga(ex) ~ 20,
the average required tuning strongly increases with decreasing ex, so that generically for
ek ~ (6K )exp a fine-tuning of the order Apg(ex) ~ 700 is required, i.e. the amount of
fine-tuning increases by roughly a factor 30 — 40 when going from the generic prediction for
ex down to values in accordance with experiment. In other words, a relative fine-tuning at
the few percent level is on average required in order to obtain e ~ (€ )exp. However, it
can also be observed that although for smaller values of i large fine-tunings become more
likely, even for SM-like € i roughly 30% of the points lie still in the range with small tuning,
Apc(ex) < 20, so that fully natural solutions to the “cx problem” can be identified.

Let us next consider the necessary amount of fine-tuning in other AF = 2 observables.
As examples we show here AMp, being sensitive to Re(M{5), and Sy, being the most
accurately known AF = 2 observable in the B systems.

In figure 5 we show the fine-tuning Apg(AMF) as a function of AMg. We observe
that the tuning is generally smaller (Apg(AMg) < 20) than in the case of ek, and that
the smallest average values are obtained for AMy in accordance with experiment. This
could already be expected from figure 2, where we found the KK contribution to Re(M{%)
to be of the same order of magnitude as the SM contribution, so that generically AMp ~
(AMK )exr)-

In figure 6 we show Apg(Syk) as a function of Syk,. Also in that case the average
fine-tuning is smallest for Sy in accordance with the data. In addition the overall scale
of Apa(SyKkg) turns out to be different, so that typically Apa(Syks) < 5-

6.2.3 Full AF = 2 analysis and CP-violation in B; — B; mixing

Having convinced ourselves that in principle it is possible to obtain agreement with the
available AF = 2 data, we are ready to perform a simultaneous analysis of all available
constraints. To this end we now impose all AF = 2 constraints on the RS parameter
space, as described in Step 3. The points we show in the subsequent figures 7 and 8 are
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Figure 6. The fine-tuning Apg(Syxg) plotted against Syx,. The blue line displays the average
fine-tuning as a function of Sy k.

consistent with the AF = 2 data and thus fully realistic. In order to maintain naturalness
of the theory, the plots in the right panels of these figures fulfil the additional constraint
ABG (8 K) < 20.

In figure 7 we show the semileptonic CP-asymmetry Ag; as a function of Sys. We
observe that while values of these asymmetries close to the SM ones turn out to be most
likely, being a consequence of the generic relation |(M7y)kk| ~ |(Miy)sm| observed in
figure 2, we find that the full range of new physics phases ¢p, is possible, so that —1 <
Sye < 1 compared to the SM value (Syq)sm ~ 0.04, and also Ag; can be enhanced by
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Figure 7. left: A§; , normalised to its SM value, as a function of Sy¢. In addition to the requirement
of correct quark masses and CKM mixings, also the available AF' = 2 constraints are imposed. right:
The same, but in addition the condition Apg(ex) < 20 is imposed.
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Figure 8. left: AT'y/I'; as a function of Sye. In addition to the requirement of correct quark
masses and CKM mixings, also the available AF' = 2 constraints are imposed. right: The same,
but in addition the condition Apg(ex) < 20 is imposed.

more than two orders of magnitude relative to its SM value. In addition we observe that
the model-independent correlation pointed out in [63] and verified explicitly in the LHT
model in [48] turns out to be valid as well in the RS model in question. Comparing the left
and right panel with each other we find that the imposition of the naturalness constraint
Apc(ex) < 20 does not qualitatively modify the results obtained, although the overall
number of parameter points shown in the plots of course decreases.

Finally in figure 8 we show the width difference AT'y/T's as a function of Sys. We
observe that due to the correlation between these two observables, a future more accurate
measurement of AI's/T's could help to exclude large values of Syg. Again, comparing
the left and right panel with each other we find that the overall number of parameter
points shown in the plots decreases when imposing Apg(ex) < 20, but the result is not
qualitatively modified.

6.2.4 (Generic bound on Mgk

So far in our numerical analysis we have fixed the scale f to 1 TeV, corresponding to the KK
gauge boson mass Mgk =~ 2.45TeV, as we were mainly interested in studying the effects
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Figure 9. The average required fine-tuning in €k as a function of the KK scale Mkxk.

on AF = 2 observables of KK modes that lie in the reach of the LHC. We have found
that while it is possible to fulfil all existing constraints, in particular the one from ex even
without significant fine-tuning of parameters, we observed that generically a significant
amount of fine-tuning is required in order to keep e in agreement with experiment.

Finally, motivated by the findings in [20], we aim to derive a generic lower bound on
the KK scale Mkk. In order to achieve this we impose the constraint that the average
fine-tuning required to obtain acceptable values for i should not exceed a certain value,
i.e. Apg(ex)ay. < 10 or 20.

In addition to our previously performed scan over the 5D Yukawa couplings and bulk
mass parameters, we now take also f, or equivalently Mgk, as a free parameter. Figure 9
shows the average required fine-tuning in e, obtained by taking the arithmetic mean of
Apc(ex) of those points that fulfil the e constraint within £30%, as a function of Mkx.
We observe that Apg(ex) decreases roughly as 1 /MI%K, as expected from the dependence
of the KK gauge boson contributions to M. As we have seen in figure 4 the average fine-
tuning for points that lie in the generic region for ex is around 20. Therefore, imposing
then as naturalness constraint Apg(€x )av. < 20 we obtain as lower bound on the KK scale

MKK = 18 TeV, (6.3)

in rough accordance with the result of [20]. We note that the bound in the latter paper
has been obtained by the requirement that the average value for the Wilson coefficients
respect the model independent bounds. This gives the same result as requiring the generic
prediction to be within the bounds.

If we were to impose instead the more stringent constraint Apg(ex)av. < 10, that is
often adopted in the literature, we would find the even stronger constraint

My = 30TeV . (6.4)

Still we would like to stress again, that although this bound can be considered as a

naturalness constraint on the theory coming from ey, we have found regions of parameter
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space which yield ex in rough agreement with experiment without any significant fine-
tuning for a KK scale as low as 2.5 TeV. Note however that sub-leading contributions like
the radiatively induced brane kinetic terms for the fermions are expected to dominate in
case of accidental numerical cancellations of the leading terms.

Thus a natural solution to the “cx problem” with KK gauge bosons in the reach of
the LHC cannot be excluded although we expect it to be radiatively unstable.

7 Conclusions

In the present paper we have performed for the first time the full renormalisation group
analysis at the NLO level of the most interesting AF' = 2 observables within the SU(3). x
SU(2);, x SU(2)g x U(1)x x Prr model, including both KK gluon and EW gauge boson
contributions. The protective custodial and Prr symmetries in such models allow for
consistency with EW precision tests for KK scales as low as Mgk ~ (2 — 3) TeV that are
in the reach of the LHC. As pointed out in [20] for an anarchic structure of the 5D Yukawa
couplings much higher KK scales in the ballpark of (10 — 20) TeV are required in order
to satisfy the ex-constraint in the presence of KK gluon exchanges. Our detailed analysis
confirms these finding, but having at hand more accurate formulae allows for a quantitative
estimate of the fine-tuning in the 5D Yukawa couplings required to reproduce the quark
masses and CKM parameters and simultaneously obtain consistency of the model with e
and other AF = 2 observables for Mgk ~ (2 — 3) TeV.
The main messages from our analysis are as follows:

1. While generally ex values turn out to be significantly larger than its experimen-
tal value, we find regions in parameter space in which the experimental value of
ex can be reproduced without large fine-tuning. The situation is different for the
other AF = 2 observables, where the experimental constraints are naturally fulfilled
without significant fine-tuning.

2. Very interestingly the EW tree level contributions to AF = 2 observables mediated
by new Zy and Z’ weak gauge bosons, while subleading in the case of e and AMp,
turn out to be of roughly the same size as the KK gluon contributions in the case
of Bgs physics observables. The Z contributions are of O(v?/Mty) and moreover
further suppressed by the custodial protection of Z diLcZi.

3. The amount of fine tuning required to satisfy the AF = 2 constraints in Bg — Bg
and BY — BY systems is considerably smaller than in the case of AMy and e. This
is partly due to the fact that the role of the dangerous Qpr operators in AB = 2
transitions turns out to be significantly less important than in AS = 2 transitions,
so that the contributions of the operators Q; and Qpr to the AB = 2 observables
are of the same order.

4. The contributions of KK gauge boson tree level exchanges involving new flavour and
CP-violating interactions allow not only to satisfy all existing AF = 2 constraints
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but also to remove a number of tensions experienced lately by the SM, observed in

particular in ex, Sy and Sye [60, 74-76].

5. Most interestingly the model allows naturally for Sy, as high as 0.4 that is hinted at
by the most recent CDF and DO data [77-79] and by an order of magnitude larger
than the SM expectation, Sy ~ 0.04. The strong correlation between Sy and Agp
shown in figure 7 implies then a spectacular departure of the latter observable from

its tiny SM value.

6. The effects of the mixing of the heavy KK quarks with the SM quarks turns out not
to be very important in particular in view of many parameters present in the model.
As the fermion representations in the model in question are rather complicated [38]
and these fermions do not contribute at tree level to AF = 2 processes we leave a
detailed analysis of these effects to a separate publication.

7. As a by-product we analysed the connection of RS models to the Froggatt-Nielsen
scenario and provided analytic formulae for the effective flavour mixing matrices in
terms of the fundamental 5D parameters. We also presented a new useful param-
eterisation of the 5D Yukawa coupling matrices, taking into account only physical
parameters.

Our detailed analysis of rare K and B decays in the model in question is pre-
sented in [46].
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A Additional details on quark masses and flavour mixing matrices

Explicit expressions for wldj and pgj in (3.7)—(3.10) are given as follows:
d \d d yd d d
d __ 1 d __ )\33)\12 — )\13)\32 d __ )\13 d __ )\23 Al
Wi =1, Wip = )\d )\d )\d )\d ) Wiz = )\d ) Wo3z = )\d ) ( : )
22733 T 1237132 33 33
d d\* d d\* d\* d d d\*
Wo1 = — <W12> ) w31 = — (W13> - (W23> Wo » w3g = — (W23> . (A.2)

AL — A Ad " AL\ " AL\ "
=1, b= (o) () - (5R) )
227133 — \23132

Py = — (pilz) . = <p‘fg> - (pgg) Py, Pl = <p§3> : (A4)

,35,



The expressions for wj’; and pj’;, that enter the formulae for Uy, r, are obtained by replacing
ttd’? by ((u”.

B Details on electroweak contributions

In the case of A, ep r(i) in (4.6) is replaced by (i = 1,2,3)

L
err(i)(AY) :QemeA‘D% /0 dy e | ﬁ?}%(y,c&)rg(y), (B.1)

with g(y) being the gauge KK shape function of A1), Then the 3 x 3 matrices ALR(A(U)
are defined by

AL r(AD) =D} pér r(A)DL R, (B.2)

with éLR(A(l)) diagonal matrices analogous to (4.7) with the diagonal elements given
by e1.r(i)(AD) in (B.1). Formula (B.2) allows then to find Ai(fR(A(l)), A%R(A(l)) and
Al (A

In order to give the expressions for A Lr(Z M) and A L, R(Zg(l)) we introduce

er(i)(ZzW) = g4Z]?L% /OL dy Y { éo)(yw&)]zg(y) (B.3)
er(i)(ZW) = g%% /OL dy kv [fz(;?) (y,Ciz)]Zg(y) (B4)
) =07 [y (1) 50 (8.5)
wA) = 01 [y [100.6)] 50) (8.6)

with g(y) being the shape function of Zg(l), that differs from g(y) due to the different
boundary condition on the UV brane. Further

4D g*P I

971 = p— (—5 + 3 sin 1/)) , (B.7)
97R = CiiD?,Z) (ésin? w) , (B.8)
kiD= C{;D(b <—% - %sin2 > , (B.9)
raD = nglsD(b (—1 + %sim2 ) . (B.10)

Here ¢*P and g§(D are the SU(2);, and U(1)x gauge couplings, respectively. Moreover
sin? ¢ ~ sin? @y and sin ¢, cos ¢ as functions of 1) are given by the formulae

1 sin ¢

—_—, SinY) = ————
/1 +sin? ¢ /1 +sin? ¢

cos ) = (B.11)
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and can also be found in [38]. Note that in the gauge KK sector
g4ZI?L —cosycos prID =0 (B.12)

is at the basis of the protection mechanism for flavour diagonal Zbrb;, and non-diagonal
left-handed down quark couplings to Z. See section 4.4 for details.
Ar r(ZW) and ALR(ZQ)) are then defined in analogy to (B.2) through

Arr(Z2W) = DLRéLR(Z(l))DL,R (B.13)

)

with a similar expression for Zg(l). £r,r are diagonal matrices with their elements given

by (B.3)-(B.6).

C Tree level flavour changing Higgs couplings

In this appendix we estimate the size of the relevant Higgs vertices by making use of the
mass insertion approximation describing the mixing of fermion zero modes with their heavy
KK partners. See also [37] for an alternative derivation.

We start by considering diagrams with one heavy-light transition on a fermion line

(denoted by +).

d (\dyt efL (Q (Qvmi
~ )‘jk()‘ ki w1 fj MZ, -~

As the Higgs vertex in that case contains a Pr projector, while the heavy-light mass in-
sertion comes along with a Pp, the leading contribution from the 1/Mkgk part of the fermion
propagator vanishes, and only the non-leading p /MI%K contribution survives. When acting
on the external fermion, the additional p /Mgkxk results in the strong chiral suppression
mgl /Mkx.

Let us next consider the case of a heavy-heavy transition in addition to the heavy-light
transition already considered. Naively one may expect that, as now the external fermions
are of different chirality, the suppression factor mgl /Mxkxk is absent, so that such diagrams
yield the dominant contribution. However, one finds

d (\d\t (ydy R pd pQuPmd’
N)‘jk()‘ )kl()‘ )lzek_LfZ fj ML,

i.e. this type of contribution is highly suppressed not only by the v? /MI%K factor coming
from the two mass insertions, but in addition receives a double chiral suppression factor
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mgz /MI%K The origin of this strong chiral suppression is in fact easy to see: The Higgs
boson, being confined to the IR brane, can couple only to that chirality of a given fermion
KK mode that obeys a Neumann BC on that brane; this chirality is necessarily the one
of the corresponding zero mode. This implies that again only the p dependent parts of
the KK fermion propagators contribute. Evaluating then the Dirac structure of the above
diagram one ends up with the result stated above. We note that in the case of a bulk
Higgs boson the heavy-heavy transition would contain both fermion chiralities, so that the
mgz /MI%K suppression would be absent in that case and this kind of diagram would in
fact yield the dominant contribution to flavour changing Higgs couplings. Consideration
of diagrams with KK fermions contributing simultaneously on both external lines does not
change this conclusion.

We conclude that in the present brane-Higgs scenario Higgs contributions to FCNC
processes are negligible in the model in question, which we have also verified numerically.
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